We study the surface fluctuations of a tissue with a dynamics dictated by cell-rearrangement, celldivision, and cell-death processes. Surface fluctuations are calculated in the homeostatic state, where cell division and cell death equilibrate on average. The obtained fluctuation spectrum can be mapped onto several other spectra such as those characterizing incompressible fluids, compressible Maxwell elastomers, or permeable membranes in appropriate asymptotic regimes. Since cell division and cell death are out-of-equilibrium processes, detailed balance is broken, but a generalized fluctuationresponse relation is satisfied in terms of appropriate observables. Our work is a first step toward the description of the out-of-equilibrium fluctuations of the surface of a thick epithelium and its dynamical response to external perturbations.
A standard way by which surfaces and interfaces are brought out of equilibrium is the generation of a flux, either orthogonal or parallel to their average plane, or a combination thereof [1] . A familiar example of a parallel flux is that of wind blowing on the surface of water or more generally of an interface between two immiscible fluids submitted to hydrodynamic shear [2] . In the celebrated Kardar-Parisi-Zhang model [3] , which has been vastly studied by both physicists and mathematicians [4, 5] , the flux is orthogonal to the growing interface. A flux can also be generated by the surface itself. This situation is achieved by biological membranes, in which proteins force an ion flow from one side of the membrane to the other, the energy source being provided by the hydrolysis of adenosine 5'-triphosphate (ATP) [6] [7] [8] . A similar situation is obtained with a membrane catalyzing the polymerization of a biopolymer on one of its sides [9] . Biological membranes, however, can be brought out of equilibrium without the existence of a flux by conformational changes of some of their constituents, which break detailed balance [8] . In the case of red blood cells, for instance, this is achieved by ATP-dependent attachment and detachment of proteins that link the cytoskeleton to the phospholipids [10] .
In this Letter, we propose a new way of driving an interface out of equilibrium. We consider the steady-state fluctuations of the surface of a tissue layer maintained in its homeostatic state, where cell division and cell death equilibrate on average [11] . We use generic equations derived in Ref. [12] , in which stochastic cell division and cell death interfere with elastic stresses to provide effective viscoelastic equations. We neglect the mechanical role of the intercellular fluid and treat the tissue as a one-component system, which is valid for characteristic thicknesses smaller than a centimeter and time scales larger than a few minutes [13, 14] . The reciprocal coupling between mechanical stress and cell renewal in the bulk of the tissue drives the system out of equilibrium. Despite their out-of-equilibrium nature, which breaks detailed balance and the fluctuation-dissipation relation, stochastic cell division and cell death can be described as Markovian processes [12] . Within this framework, the tissue is, therefore, expected to satisfy a generalized form of a fluctuation-response relation, which could potentially be tested experimentally [15] .
We consider an isotropic and homogeneous tissue of prescribed average thickness H and infinite lateral extension resting on a rigid surface on one side and in contact with a classical fluid on the other (see Fig. 1 ). The fluid is Illustration of the geometry of the system under study, with a schematic representation of the constitutive processes driving its out-of-equilibrium fluctuations. Cells in the tissue can be quiescent (smooth, rounded shapes), dividing (pinched, double-nucleated shape), or undergoing cell death (deformed and dotted cell and nucleus boundaries).
of negligible viscosity and exerts a constant homogeneous pressure on the tissue, equal to the tissue homeostatic pressure [11] . Under these conditions and on time scales shorter than the characteristic evolution time of the av-erage thickness H (see the Supplemental Material [16] , Sec. I), the tissue is in a steady state characterized by specific average values ρ h and σ h of the cell-number density ρ and isotropic tissue stress σ and by a vanishing cell-velocity field v α , where the index α stands for the spatial coordinates x, y, or z.
The cell-number density ρ and the cell-velocity field v α obey the continuity equation
where ∂ t and ∂ α denote the partial derivatives with respect to time and spatial coordinates, with summation over repeated indices. In this equation, k p = k d − k a is the global mean rate of cell production, taking into account cell division and apoptosis with rates k d and k a , and ξ c is a Gaussian white noise of zero mean. Cell division and cell death being independent stochastic processes, the variance of the noise reads ξ c (r, t)ξ c (r , t ) = [(k d +k a )/ρ]δ(r−r )δ(t−t ). The stress tensor σ αβ obeys the force-balance condition ∂ α σ αβ = 0. Close to the homeostatic state and to linear order, the deviation of the density from its homeostatic value δρ = ρ−ρ h is proportional to δσ = σ−σ h . The cell-production rate then reads
where τ i is a characteristic time and χ c is the shorttime tissue compressibility in the homeostatic state. The stress tensor is decomposed into an isotropic and a traceless part σ αβ = σδ αβ +σ αβ , whereσ αα = 0. Under these conditions, the deviation δσ αβ = δσδ αβ + δσ αβ of the stress tensor with respect to its homeostatic value obeys the following Maxwell model [12] :
In the isotropic part, ζ = χ −1 c τ i is an effective bulk viscosity, and ξ = ζξ c is an effective bulk noise term of
The remarkable absence of any compression modulus is due to the nonconservation of cell number [11, 12] . In the anisotropic part, τ a , η, andξ αβ are the effective relaxation time constant, shear viscosity, and noise, a priori different from those appearing in the isotropic part,
is the traceless part of the velocity-gradient tensor. As done in Ref. [12] , we choose forξ αβ a Gaussian white noise and write its second moment by symmetry arguments: ξ αβ (r, t)ξ γδ (r , t ) = θ [δ αγ δ βδ + δ αδ δ βγ − (2/3)δ αβ δ γδ ] δ(r − r )δ(t − t ), where θ characterizes the amplitude.
In practice, this anisotropic noise is related to the stochasticity of cell rearrangements. In general, the two noises cannot be cast in a way respecting detailed balance with a common effective temperature, and the system is out of equilibrium. One can think of such a tissue as a system in which the particle number is not conserved and the isotropic and deviatory modes are maintained at different temperatures.
To characterize the position fluctuations δH(r, t) of the tissue upper surface, we focus our attention on the two-point autocorrelation function C(r − r , t − t ) = δH(r, t)δH(r , t ) and on its linear response function χ to an externally applied pressure field δP e (r, t) defined as δH(r, t) = χ(r − r , t − t )δP e (r , t ) dr dt . We further consider the Fourier components of the different fields defined according to the following Fourier transform:
In a linear perturbation close to a flat interface, the different Fourier modes decouple, and we can consider the dependence on one single wave vector q without loss of generality. Close to the homeostatic state, the equation governing the cell-velocity field reads in frequency space,
with
and
Writing the stress continuity at the upper surface with generalized Laplace pressure and negligible shear stress, we obtain in Fourier space and in the linear regime:
Here, γ is the tissue surface tension and κ its surface bending rigidity. To these must be added the kinematic condition v z = iωδH. At its lower surface, the tissue is in contact with a hard wall, and we consider a no-slip boundary condition, such that v x = v z = 0. General expressions for the two-point autocorrelation function and the linear response function are given in the Supplemental Material [16] , Sec. II. Using these results, we characterize how far from thermodynamic equilibrium the system is operating by the introduction of an effective temperature T eff equal to the thermodynamic temperature at equilibrium:
Here, k B is the Boltzmann constant, and χ (q, ω) is the imaginary part of the response function in Fourier space. The effective temperature is, in general, frequency and wavelength dependent, and its full expression is given in the Supplemental Material [16] , Sec. II. If we choose thermal noise amplitudes ϑ = 2ζk B T and θ = 2ηk B T , which define an equilibrium Maxwell model, the effective temperature equals the thermodynamic temperature T at all frequencies. More generally, when ϑ/θ = ζ/η, the effective temperature is constant and the system is analogous to an equilibrium system. We first consider the limiting case where the thickness H of the tissue is infinite or equivalently where qH 1, for which full analytic expressions can be presented here. In this limit, the functions defined above read
The star denotes the complex conjugate. Note that, due to the absence of an intrinsic length scale in the system in this case, the effective temperature has no dependence on the wave vector.
In the low-frequency limit (ωτ a , ωτ i 1), these functions correspond to those of a passive compressible fluid with bulk and shear viscosities ζ and η at the temperature T eff but with the originality of a vanishing compression modulus. As already stated, the long-time compression modulus vanishes in a tissue due to the nonconservation of cell number [11, 12] , a feature that is impossible in a system with a conserved number of particles. Interestingly, the correspondence also holds with an incompressible fluid with effective shear viscosityη = η(ζ + η/3)/(ζ + 4η/3), since then compression modes are infinitely fast, and only viscous terms are left in the correlation and response functions. In the opposite limit (ωτ a , ωτ i 1), the expressions are analogous to those of a passive, one-component, compressible Maxwell elastomer.
In the case where the thickness H of the tissue layer is finite, as stated above, the effective temperature is both frequency and wavelength dependent. In the lowfrequency regime, it depends on wave vector only (see the Supplemental Material [16] , Sec. III for its expression). When ϑ/θ = ζ/η, it can exhibit different nontrivial behaviors depending on the parameter values (see Fig. 2 ).
Despite the existence of a frequency-and wave-vectordependent effective temperature, the system's dynamics is Markovian. Proper observables, therefore, exist in terms of which a generalized fluctuation-response relation is satisfied [15] . We choose here to illustrate this fact in the low-frequency domain (ωτ a , ωτ i 1), whereT we can write a single evolution equation for δH, directly under a Markovian form. This allows us to present the explicit construction of an observable X(q, t) that obeys a fluctuation-response relation. Solving for the integration constants and using the kinematic condition at the upper surface v z = ∂ t δH, we get
where τ (q) is a relaxation time constant that depends on the wave vector, f (q, t) is an external field acting on the tissue upper surface, and the noise ξ δH (q, t) is a scalar combination of integrals containing the matricial noise ξ αβ = ξδ αβ +ξ αβ (see the Supplemental Material [16] , Sec. IV for explicit expressions). Introducing the equal-time autocorrelation function Σ(q) of δH(q, t) in the absence of an external field as δH(q, t)δH(q , t) = Σ(q)δ(q + q ), we define X(q, t) as
With these definitions, we have [15] 
where C XX and χ XX are, respectively, the two-point autocorrelation function of the variable X and its linear response to the external field f , here written in Fourier space. The corresponding explicit expressions are given in the Supplemental Material [16] , Sec. IV. Within the low-frequency domain, the regime qH 1 is particularly interesting, since the expressions of the correlation and response functions are then analogous to those of a permeable membrane with permeation con-
It is remarkable that, due to the nonconservation of cell number and the subsequent absence of long-time compression modulus, there is no lubrication regime. The leading term in the equal-time correlation function reads
and we can make direct use of the results concerning the fluctuations of equilibrium membranes [18, 19] . The divergence of the mean-square fluctuations of the tissue thickness is of particular interest. There are three length scales entering the problem. The first one is simply the thickness H. The second one is given by the square root of the ratio of the bending modulus over the membrane tension l κ = κ/γ. Finally, the third one, the "collision" length l c , stems from the divergence of the mean-square fluctuations of the tissue thickness as a function of lateral position [20, 21] . It is such that δH(0, t)δH(l c , t) = H 2 . If γH 2 k B T eff , l c is proportional to the thickness H and is much smaller than l κ :
In this regime, the tissue surface fluctuations scale like distances parallel to the interface. In the tensiondominated regime where γH
In this regime, fluctuation amplitudes scale logarithmically with the distance parallel to the interface, and l c is much larger than l κ . The surface appears locally smooth, although thickness variations eventually reach values of the order of the thickness itself on length scales of order l c . A natural question concerns the possibility to observe such effects. The effective temperature in the lowfrequency, small-wave-vector regime can be estimated using Eq. (12) . Keeping only the isotropic contribution in the homeostatic state, we obtain k B T eff = ζk d /ρ h . Using this expression and numerical values from the literature, we estimate that the ratio l c /l κ is typically of order one tenth to several tens and can potentially be much larger (see the Supplemental Material [16] , Sec. V). This indicates that the two limiting regimes mentioned here could, in principle, be observed, and that changing the physical properties of the tissue could affect its surface structure without necessarily requiring a modification of the cell-division rate. The surface of precancerous tissues is usually rougher than that of healthy tissues, even when these tissues are not in a growth phase [22, 23] . One could speculate that some of the early cancerous mutations affect certain physical properties of the tissue, not necessarily uniquely related to cell proliferation.
In equilibrium membranes, the existence of a collision length generates an entropic repulsive interaction. In tissues, the physical meaning is likely to be very different. In the case we discuss here, this suggests that the tissue thickness potentially vanishes. The onset of tissue disappearance is given by the characteristic time of thickness fluctuations at the scale l c :
The fate of the tissue layer then depends on the future evolution of the region of zero thickness. This, in turns, depends on the tissue-substrate interaction and adhesion properties, and a detailed analysis of this outcome is beyond the scope of this work. Note that the linear approximation used in this Letter is valid as long as κ k B T eff . In the opposite case, the surface would appear crumpled with no angular coherence [19] .
The tissue surface fluctuations we have studied here exhibit a surprisingly rich behavioral diversity. One can define a wave-vector-and frequency-dependent effective temperature, a clear signature of the out-of-equilibrium nature of the system. In the low-frequency regime, this effective temperature is only wave-vector dependent. As shown in Fig. 2 , it can present different nontrivial behaviors, among which being monotonically varying or having an extremum at a finite wave vector. In the large-wavevector, high-frequency regime, the tissue behaves like a compressible Maxwell elastomer with nonthermal noise, whereas in the large-wave-vector, low-frequency regime, it behaves like an incompressible fluid at equilibrium. Finally, in the small-wave-vector, low-frequency regime, the mapping can be made to a fully permeable membrane with tension and curvature. This implies that, at sufficiently large scales, the tissue always has thickness fluctuations on the order of the average thickness. This could signal a finite lifetime for the tissue layer. In actual epithelial tissues, however, such an outcome is usually not observed. In this case, cell division and cell death are regulated by external chemical gradients. As a consequence, cells are globally renewed close to the basal membrane and die close to the apical surface, which leads to a well-defined thickness [24] [25] [26] . One could speculate that this is part of the solutions developed under evolutionary pressure to create robust epithelial tissues. In our study, we treat the average thickness H as a constant in time. In order to justify this framework, we estimate here the characteristic time over which the average tissue thickness H evolves by diffusion, due to stochastic cell-divison and cell-death processes, with average rates k d = k a . We consider a tissue layer made of N cells of average cell-number density ρ, charateristic lateral dimension L and average thickness H. In this volume, the cell-number standard deviation in a time dt is δN = (k d + k a ) N dt. For a total volume V = H L 2 = N/ρ, the corresponding amplitude of thickness fluctuations reads:
To diffuse over distances of order H, the tissue layer therefore takes a characteristic time τ
With a maximal rate of cell renewal of one per day, a cell-diameter of 10 µm, a tissue thickness of 100 µm, this characteristic time of the order of several hundred years for a tissue patch of one millimeter square, and several tens of thousand years for one of one centimeter square. Ignoring the temporal variations of the average thickness H is therefore perfectly valid in the framework of our study.
II. EXPRESSIONS OF THE PHYSICAL QUANTITIES FOR THE TISSUE OF FINITE THICKNESS H
The two-point autocorrelation function reads
where
We also have, as in the main text,
Note that even though it is not directly visible under this form, the expression of N b,1 above is real. The linear response function reads
We then have for the effective temperature:
We recover the thermodynamic limit of an equilibrium Maxwell model by choosing noise amplitudes that respect detailed balance, ϑ = 2ζk B T and θ = 2ηk B T . We then have k B T eff (q, ω) ≡ k B T , independent of wave vector and frequency. In general, the effective temperature given by Eq. (22) above is a function of frequency and wave vector, as well as of the parameters defining the problem. In the low-and large-q limits, it has two asymptotic finite limits, which have simple expressions. The asymptotic expression in the largewave-vector regime (qH 1) is given in Eq. (8) of the main text. In the small-wave-vector regime (qH 1), we have
In the low-frequency domain (ωτ a , ωτ i 1), the effective temperature is just a function of the wave vector q. Its asymptotic expressions read
in the large-q limit, and
in the low-q limit, as given in Eq. (12) of the main text.
III. EXPRESSIONS OF THE PHYSICAL QUANTITIES FOR THE TISSUE OF FINITE THICKNESS H IN THE LIMIT OF LONG TIMESCALES
In the limit of timescales much larger than τ i and τ a , where ωτ i 1 and ωτ a 1 in the frequency domain, ζ 1 and η 1 are real and reduce to the bulk and shear viscosities ζ and η, respectively. Therefore, the expressions given in section 2 above can be simplified by replacing all the variables by their real, simpler counterparts with ωτ i 1 and ωτ a 1. We then obtain
where 
withζ = ζ/η + 1/3 andH = qH. The linear response function reads
We recover the constant thermodynamic temperature T of a fluid at equilibrium by choosing ϑ = 2ζk B T and θ = 2ηk B T .
IV. EFFECTIVE FLUCTUATION-RESPONSE RELATION IN THE LIMIT OF LONG TIMESCALES
A. Tissue of finite thickness H The evolution equation for δH(q, t) presented in the main text in the low-frequency domain (ωτ a , ωτ i 1) reads
It contains the following functions:
where D a and D b have already been introduced above in Eq. (27) . We also have introduced
where the noise components are understood as functions of (q, z, t). Dependencies in the coordinate z are indicated as lowerscripts. The equal-time autocorrelation function Σ(q), defined such that δH(q, t)δH(q , t) = Σ(q)δ(q + q ), is then given by
where N a , N b , D a and D b are the functions of q introduced in Eq. (27) . Finally, the observable X(q, t) defined as
reads
in the frequency domain. As in the main text,η = η(ζ + η/3)/(ζ + 4η/3).
V. ESTIMATION OF THE COLLISION LENGTH AND TIME
We now estimate the collision length l c defined in the main text in the low-frequency, smallwave-vector domain by either Eq. (14) or Eq. (15) of the main text, depending on the value of γH 2 /(k B T eff ). In the low-frequency, small-wave-vector domain, k B T eff is given by Eq. (12) of the main text, and we start by estimating this quantity. To estimate the tissue bulk viscosity ζ, we use experiments where the bulk growth rate k p = k d − k a of a tissue spheroid is determined as a function of the externally applied stress thanks to a fitting procedure [27, 28] . The measurement procedure leads to ζ = − (∂k p /∂P ) −1
10
4 Pa·day. With a cell-division rate k d of the order of one per day, we get an estimate for the isotropic elastic modulus of the spheroid in its homeostatic stateĒ = ζk d of the order of 5 10 4 Pa. This is in agreement with another study, in which the shorttime responses of multicellular spheroids to an external pressure jump are measured, and which givē E 10 4 − 10 5 Pa [14] . The anisotropic counterparts of these quantities are the tissue shear viscosity η, the shear elastic modulus E and the rate of cell-neighbor exchange k r , related by E ηk r . Estimating that E is typically lower if not much lower thanĒ [29, 30] and that k r should typically be much larger than k d , we get that the tissue bulk viscosity ζ should be much larger than the tissue shear viscosity η. This is in agreement with experimental estimates of the shear viscosity of cellular aggregates, which give η 10 4 − 10 5 Pa·s [29] [30] [31] [32] . The amplitude ϑ of the isotropic noise due to cell-division and apoptosis is given in the main text. In the homeostatic state where k d = k a , it reads ϑ = 2ζ 2 k d /ρ h = 2Ē 2 /(k d ρ h ). Estimating a similar expression for the anisotropic noise amplitude θ η 2 k r /ρ h E 2 /(k r ρ h ), we see that k d k r together withĒ E orĒ E imposes ϑ θ. With these estimates, we therefore have
We now turn to the proper estimation of the collision length l c . We introduce the length w = γ/(ζk d ) and the linear cell dimension a with ρ h = a −3 . With a typical tissue thickness H = 10 a, we have l c l κ exp(100πw/a) in the tension-dominated regime and l c 10 l κ (w/a) in the bending-dominated regime. Within this context, the ratio l c /l κ is therefore function of the adimensional parameter w/a. A reasonable scale for a is 10 µm. Tissue surface tensions have been measured for different tissue types and using different experimental methods. The measurements give values ranging typically from a fraction up to several Millinewton per meter [29] [30] [31] [33] [34] [35] [36] [37] [38] [39] .
With these values and ζk d 10 4 − 10 5 Pa as estimated above, one finds that w/a ranges typically between 10 −4 and 10 −2 , at most 10 −1 . The lower bound of this interval corresponds to the bendingdominated regime, which leads to l c 0.1 l κ . The upper bound corresponds to the tension-dominated regime, with l c ranging from a few tens of l κ to being much larger than l κ . These order-of-magnitude estimates therefore indicate that actual tissues could be in either of these two regimes, depending on parameter values. In addition, in the tension-dominated regime, the collision length l c is exponentially dependent on the parameters characterizing the tissue. We therefore expect that small variations in some of the parameters entering the expression of l c , like the tissue surface tension γ, can have dramatic effects on the structure of the tissue surface, and that this could happen independently of alterations of the cell-division rate.
To complete our estimates, we can finally give an order of magnitude for the tissue effective temperature that we have defined. Using the values given above, one finds k B T eff 10 −11 − 10 −10 J, a value that is some 10 orders of magnitude larger than thermal energy. This should however not surprise us, since the stochastic processes we study here are related to the behavior of whole cells, which are typically five orders of magnitude larger than individual molecules.
